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Abstract 

Natural q analogues of classical statistics on the symmetric groups 
S n are introduced; parameters like: the g-length, the g-inversion num- 
ber, the g-descent number and the g-major index. MacMahon's theo- 
rem about the cqui-distribution of the inversion number and the reverse 
major index is generalized to all positive integers q. It is also shown 
that the g-inversion number and the g-reverse major index are equi- 
distributed over subsets of permutations avoiding certain patterns. 
Natural q analogues of the Bell and the Stirling numbers are related to 
these q statistics - through the counting of the above pattern-avoiding 
permutations. 
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1 Introduction 



MacMahon's celebrated theorem about the equi-distribution of the length (or 
the inversion-number) and the major index statistics on the symmetric group 
S n - has received far-reaching refinements and generalizations through the 
last three decades. For a brief review on these refinements - see [12]. In 
[15] we extended the various classical S n statistics, in a natural way, to the 
alternating group A n+ i. This was done via the canonical presentations of 
the elements of these groups, and by a certain covering map / : A n+ i — ► S n . 

Further refinements of MacMahon's theorem were obtained in [15] by 
the introduction of the 'delent' statistics on these groups. Then these equi- 
distribution theorems for S n were 'lifted' back, via / : A n+ i — > S n , thus 
yielding equi-distribution theorems for A n+ \. 

This paper continues [12] and might be considered as its q-analogue. 
We introduce the q- analogues of the classical statistics on the symmetric 
groups: the q-length, the q-inversion number, the q-descent number, the q- 
major index and the q-reverse-major index of a permutation. The q-delent 
statistics are also introduced. We then extend classical properties to these q - 
analogues. For example, it is proved that the (/-length equals the (/-inversion 
number of a permutation; furthermore, it is proved that the (/-inversion 
number and the (/-reverse major index are equidistributed on S n+q -\. See 
below. 

It is realized that the above map / : A n+ \ — > S n is the restriction to A n+ i 
of a covering map ji : S n +i — > S n . More generally, we have similar covering 
maps f q : S n+q -\ — > S n for all positive integers q. These maps are defined 
via the canonical presentations of the elements in S n + q -i. It is proved that 
the map f q sends the (/-statistics on S n+q -i to the corresponding classical 
statistics on S n , see Proposition 8.6 below. For example, if tt £ S n + q —i, it is 
proved there that the (/-inversion number of tt equals the inversion number 

0f/,(7T). 

Dashed patterns in permutations were introduced by Babson and Stein- 
grimsson [2]. For example, a permutation a contains the pattern (1 — 32) 
if a = [. . . , a, . . . , c, b, . . .] for some a < b < c; if no such a, b, c exist then a 
is said to avoid (1 — 32). Connections between the number of permutations 
avoiding (1 — 32) - and various combinatorial objects, like the Bell and the 
Stirling numbers, as well as the number of left-to-right-minima in permuta- 
tions were proved by Claesson [3] . Via the various (/-statistics we obtain 
(/-analogues for these connections and results. 
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For a permutation tt € S n+q -i it is proved that the q-descent and 
the q-delent numbers of tt are equal exactly when tt avoids a certain col- 
lection of dashed patterns, and that the number of these permutations is 
(q — 1)! J2 k q k S(n, k), where S(n, k) are the Stirling numbers of the second 
kind, see Proposition 2.8. Also, the number of permutations in S n + q _i for 
which the q-delent number equals k — 1 is {q — l)lq k c(n,k), where c(n,k) 
are the Stirling numbers of the first kind; see Proposition 2.9. 

Equi-distribution of g-statistics is studied in Section 11. A q- analogue of 
MacMahon's classical equi-distribution theorem is given, see Theorems 2.5 
below. Multivariate refinements of MacMahon's theorem, due to Foata- 
Schiitzenberger and others [14, 7, 12], have also corresponding g-analogues. 
These analogues are described in Section 11.1, see Theorem 11.5 and its 
consequences. 

An intensive study of equi-distribution over subsets of permutations 
avoiding patterns has been carried out recently, cf. [5, 6, 13, 1]. In Sec- 
tion 11.2 it is shown that certain (/-statistics are equi-distributed on the 
above subsets of dashed-patterns-avoiding permutations. See Theorem 2.6 
and 11.7 below. 

2 The main results 

Throughout the paper q is a positive integer. Recall the unique canonical 
presentation of a permutation in S n as a product of shortest coset repre- 
sentatives along the principal flag, see Subsection 3.1 below. The q-length 
of a permutation tt £ S n , ^g(vr), is the number of Coxeter generators in 
the canonical presentation of tt, where the generators s\, . . . , s q ^i are not 
counted. Define the q-inversion number inv q (Tr) as 



inv q (rr) := if n < q; and if q < n, 



n 




i=9+l 



where 



m q (i) := min{i - q, #{j < i\ir(j) > n(i)}}. 
Thus £i(tt) = 1(tt) and inv\(ir) = inv{rr). 
As in the (classical) case q = 1, we have 
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Proposition 2.1 [See Proposition 8.2]. For every o~ G S n 

i q {a) = inv q (a). 

Proposition 2.2 [ See Proposition 6.1]. For every tt G A n , £2(7^) is the 
length with respect to the set of generators {a\, . . . , a n ~2\ C A n , where ai := 
s\s i+ i. 

Define the q-delent number, del q (ir), to be the number of times s q appears 
in the canonical presentation of tt. 

For < k < n — 1 define the k-th almost left to right minima in a 
permutation ir <G S n (denoted a fc .l.t.r.min) as the set of indices 

Del k+1 (7r) := {i | k + 2 < i < n, #{j < i | vr(j') < < k}. 

Thus Del q {ir) is the set of a 9_1 .l.t.r.min in it. See Example 5.10 below. 

Proposition 2.3 [See Proposition 5.2]. The number of occurences of s^+i 
in the canonical presentation of ir £ S n , delk+i{w), equals the number of 
a k A.t.r.min in it. 

The second delent statistics deh on even permutations in A n+ \ and the first 
delent statistics del\ on S n have analogous interpretations. See, for example, 
Proposition 6.1. 

The q-descent set of tt G S n+q -\ is defined as 

Des q {iT) := {i \ i is a (/-descent in tt}, 

and the q-descent number is defined as 

des q (ir) := #Des q (ir). 

For tt G S'n+g-i define the q-major index 

maj q (ir) := 1 

i£Des q (ir) 

and the q-reverse major index 

rmaj q . m (TT) := ^ (m - i), 

i£Des q (n) 
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where m = n + q — 1 . 

Thus Desi is the standard descent set of a permutation in S n . The 
definition of the (/-descent set is justified by the following phenomena: 

(1) Des2 is the descent set on the alternating group A n with respect to 
the distinguished set of generators {ai, . . . ,a n _2j-, where := SiSj+i, 
see Proposition 6.1. 

(2) The (/-descent set, Des q , is strongly related with pattern avoiding per- 
mutations, see Proposition 9.3. 

(3) Des q is involved in the definition of the (/-(reverse) major index, and 
thus in the (/-analogue of MacMahon's equi-distribution theorem (The- 
orem 11.2). 

Given q, denote by 

Pat{q) = {(en - (7 2 a q - (q + 2),(q + V)) \ a G S q } 

the set with these q\ dashed patterns. 

For example, Pat(l) = {(1 - 32)} Pat{2) = {(1 - 2 - 43), (2 - 1 - 43)}. 

Denote by Avoid q (n + q — 1) the set of permutations in S n+q -i avoiding 
all the q\ patterns in Pat(q). 

Proposition 2.4 [See Proposition 9.3]. A permutation it € S n+q ~i avoids 
Pat{q) exactly when Del q (w) — 1 = Des q (n): 

Avoid q (n + q — 1) = {it G S n+q -i\ Del q (ir) — 1 = Des q {iT)}. 

The following is a (/-analogue of MacMahon's equi-distribution theorem. 
Theorem 2.5 [See theorem 11.2]. 

J2 ^majg,n+ 9 -l(7r) _ J2 f-inv q (ir) _ 

■jr€Sn+q-l TrGSn + q-l 

= q\(l +tq)(l + t + t 2 q) ■•■(!+*+... + t n ' 2 + t^q). 
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Far reaching multivariate refinements of MacMahon's theorem, which 
imply equi-distribution on subsets of permutations, were given by Foata and 
Schiitenberger and others, cf. [14, 7, 8, 12]. In Subsection 11.1 we describe 
some q- analogues of these refinements, see Theorem 11.4 and Corollary 11.6 
below. 

The above g-statistics are equi-distributed on permutations avoiding 
Pat{q). 

Theorem 2.6 [See Corollary 11.8]. 

E.rmaj qi „ +q -i(w) des q (n) _ sr^ ,inv q (n) ,des q (ir) 

T l l 2 — 2-^i 1 r 2 

ir^ 1 GAvoid q (n+q— 1) ir~ 1 £Avoid q (n+q— 1) 

For example, for q = 1 

E,rmaj n (ir) ,des(n) \ inv(n) ,des(ir) 

t 1 l 2 — 2-^, 1 l 2 

w- 1 eAvoid(l-32) w- 1 <=Avoid(l-32) 



For q = 2 

E^rmaj2, n +l(^) ^des2(n) _ ST^ gnV2 (ir) ^deS2 {ir) 

1 2 / j 1 2 

TT- 1 eAvoid(l-2~43,2~l~43) TT- 1 eAvoid(l~2-43,2-l-43) 



Bell and Stirling numbers (of both kinds) appear naturally in the enu- 
meration of permutations with respect to their ^-statistics. 

Let c(n, k) be the fc-th Stirling number of the first kind and S(n, k) be 
the fc-th Stirling number of the second kind. Let the n-th g-Bell number be 
b q (ri) := J2kQ k S( n 'k)- Let B q (x) := X^Lo k<?( n )lb" denote the exponential 
generating function of {b q (n)}. Then 

B q (x) = exp(qe x - q). 

The classical formula b\(n) = \ Y1T=qtt W ( see a ^ so [16, (1.6.10)]) gener- 
alizes as follows: 

, , x 1 ^ q r r n 

r=0 

see Remark 10.4. 
We have 
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Proposition 2.7 [See Proposition 10.8]. 

#{<t G S n+q -\ | Del q (a) — 1 = Des q (a) and del q (a) = k — 1} = 

= (g- l)!g fc S(n,A;). 

Corollary 2.8 /See Propositions 9.3 and 10.5]. 

(q-l)\b q (n) = #{ir G S n+q -i\ Del q (ir) - 1 = Des q (ir)} = Avoid q (n + q-l). 
Proposition 2.9 [See Propositions 10.10]. 

#{7r G S n+q -i\ del q (n) = k - 1} = c q (n,k), 
where c q (n, k) = q k (q — 1)! c(n, /c). 

3 Preliminaries 

3.1 The S n Canonical Presentation 

A basic tool, both in [12] and in this paper, is the canonical presentation of 
a permutation, which we now describe. 

Recall that the transpositions Si = + 1), 1 < i < n — 1, are the 
Coxeter generators of the symmetric group S n . For each 1 < j < n — 1 
define 

Rj = {1, Sj, SjSj_l, . . . , SjSj-i ■ ■ ■ Si} (1) 

and note that Rf , . . . , C S n . 

The following is a classical theorem; see for example [9, pp. 61-62]. See 
also [12, Theorem 3.1]. 

Theorem 3.1 Let w G S n , then there exist unique elements Wj G Rj , 
1 < j < n — 1, smc/i £/ui£ = wi • • • iu n -i. T/ras, the presentation w = 
w\ ■ ■ -w n -i is unique; it is called the canonical presentation of w. 

Note that Rj is the complete list of representatives of minimal length 
of right cosets of Sj in Sj+i. Thus, the canonical presentation of w G S n is 
the unique presentation of w as a product of shortest coset representatives 
along the principal flag 

{e} = S 1 <S 2 <--- < S n . 
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We remark that a similar canonical presentation for the alternating 
groups A n - is given in [12], see Section 3.2 below. 

The descent set Des{n) of a permutation ir G S n is a classical notion. 
In [12] the 'detent' statistic was introduced: Del(ir) is the set of indices i 
which are left-to-right-minima of 7r, and del(ir) = #Del(ir). By Proposition 
7.2 of [12], del(n) equals the number of times that si = (1, 2) appears in the 
canonical presentation of it. 

Theorem 9.1 is the main theorem of [12] and we now state its part about 
S n (it also has a similar part about A n ). 

Theorem 3.2 For every subsets D± C [n — 1] and D2 C [n — 1] 

{ttG5„| Des s (7r- 1 )CDi, Del s (n- 1 )CD 2 } 

= V g'sW. 

{ttGS„| Des s (7r- 1 )CDi, De/ S (7r- 1 )CD 2 } 

In the following case, a simple explicit generating function is given. 
Theorem 3.3 [12, Theorem 6.1] 

= (l+qt)(l + q + q 2 t) ■ ■ ■ (1 + q + . . . + q n ~ l t). 



3.2 The Alternating Group 

The alternating group serves as a motivating example. Here are some results 
from [12], which are applied in Sections 6 and 12 and in the formulation and 
proof of Proposition 8.5. The reader who is not interested in this motivating 
example may skip this subsection. 
Let 

di := siSj+i (1 < i < n — 1). 

The set 

A := {a,i I 1 < i < n - 1} 

generates the alternating group on n letters A n+ i. This generating set and 
its following properties appear in [11]. 
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Proposition 3.4 [11, Proposition 2.5] The defining relations of A are 

(a i a j f = l {\i-j\>\); 

(oiOj+i) 3 = 1 (l<i<n-l); 
a\ = 1 and af = 1 (1 < i < n — 1). 

For each 1 < j 1 < n — 1 define 

Rf = {1, a.,-, djdj-i, . . . , a,j ■ ■ • a 2 , aj • • • a 2 ai, a-,- • • • a 2 af x } (2) 

and note that Rf, . . . , C A n+ i. 

Theorem 3.5 Let v G A n+ \, then there exist unique elements Vj G i?^, 
1 < J < n — 1, sttc/i i/mi v = v\ ■ ■ ■ v n -\, and this presentation is unique. 

This presentation is called the A canonical presentation of v. 
For a G A n+ \ let £a{o~) be the length of the A canonical presentation of 
a. Let 

Des A (o-) := {i \ Ia{o) < ^4 (era*)} 
and desA^cr) := #DesA(o~), define mdjA(o~) := J2 h 

ieDes a (a) 

and rmdjA n+1 (f) := S (n — i). Let delA(o~) the number of appearances 

«eDes a (cr) 

of af 1 in its ^4 canonical presentation. It is proved in [12] that this number 
equals the number of almost-left-to-right-minima in a. 

Theorems 3.1 and 3.5 allow us to introduce in [12] the following covering 
map : 

Definition 3.6 Define f : A n+ \ — > S n as follows. 

f(di) = /(a^ 1 ) = si and f( ai )=Si, 2 < i < n - 1. 

Now extend f : R^ — > via 

f(djdj-i ■ ■ ■ at) = SjSj^x ---Si, f(dj ■ ■ ■ ai) = /(a, • • • aj" 1 ) = Sj - • • • Sl . 

Finally, let v € Ai+ij t> = t> i • • • f n -i rfs unique A canonical presentation, 
then 

/(f) = /(«l)---/(fn-l) 

which is clearly the S canonical presentation of f(v). 
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Proposition 3.7 [12, Propositions 5.3-5.4] F° r every tt € A n+ i, 

tA(n) = £s{f(ir)), Des A (Tr) = Des s (f(rr)), Del A (Tt) = Del s (f (tt)) 

Thus des A (ir) = des s (f(ir)), maj a (tt) = majs(f(n)), rmaj An+1 (n) = rmajsMi^)) 
and del A (-rr) = dels(f(n))- 

4 Basic Concepts I 

Let 7r £ S n . Recall that its length £(tt) equals the number of the Coxeter 
generators s\, . . . , s n -i i n its canonical presentation. It is well known that 
£(tt) also equals inv(ir), the number of inversions of ir. Also, it is easily seen 
that inv(ir) can be written as 

n 

inv{ir) = m(i), 

i=2 

where 

m(i) = min{i - l,#{j < i\ir(j) > vr(i)}}. 

Thus, the following definition is a natural g-analogue of these two classical 
statistics. 

Definition 4.1 Let tt £ S n . 

1. (£ q ) Let q < n and define the q-length £ q (ir) as follows: 

£ q (ir) := the number of Coxeter generators in the canonical presen- 
tation of tt, where si,...,s q -i are not counted (thus, for example, 
h(si) = and £2(sis 2 siSsS 2 si) = 3). 

2. (inv q ) Define the q-inversion number inv q (n) as 

inv q {n) := if n < q; and if q < n, 



inv q (ir) := m q (i), 

i=q+l 

where 

m q (i) := min{i - q, #{j < i\ir(j) > ir(i)}}. 
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Thus £i(ir) = £(tt) and inviiyr) = inv{n). 

As in the (classical) case q = 1, we have 
Proposition 4.2 For every a € S n 

£ q (a) = inv q (a). 

Proof. We may assume that q < n. Let a = w\ - ■ ■ w n -\ with Wj G Rj be 
the canonical presentation of a, and denote tt = w± ■ ■ ■ w n -2, then ir £ S'n-i, 
hence 7r = [b±, . . . ,b n -i,n]. If u> n -i = 1 then a £ S'n-i and we are done 
by induction. Hence assume w n -i 7^ 1, so that w n -i = s ra _i • • • s k for some 
1 < k < n — 1, and therefore <r = [61, ... , b k _i,n, b k , ■ ■ ■ , &n— i]- 
Case 1: 1 < k < q, in which case 

£ q (w n - 1 ) = n-q and a = [61, . . . , b k -i, n, b k , . . . , b q , . . . , 6 n _i]. 

Then for q < i < n — 1, 

#{j < i + 1 I > <r(t + 1)} = #{j < i I 6^ > h} + 1 

(the comes from n > It follows that m g (i + l,cr) = m q (i,ir) + 1, 

since 

m ? (z + 1,0")= min{i + 1 - g; #{j < i + 1 | o-(j) > a(i + 1)}} = 

= min{i + 1 - g; #{j < i \ bj > &;} + 1} = 
= min{i - q; #{j < i j bj > bi}} + 1 = m q (i, tt) + 1. 

Thus 

n n—1 n—1 

inv q (a) = ^ m q (i, a) = ^ m q (i + 1, a) = ^ m g (z, 7r) + (n — g) = 

i=q+l i=q i=q 

(by induction) 

= £ q (ir) + n- q = £ q (ir) + £ q (w n -i) = £ q {a). 

Case 2: q + 1 < A;, hence ^(u^-i) = £i(iu n _i) = n — k, a = 
[bi,...,b q ,..., b k -i, n,b k ,..., b n -i). Here 

1. m q (i, a) = m q (i, tt) if q + l<i<k — 1, 
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2. m q (k,a) = (i = k), 

and, as in Case 1, 

3. m q (i + 1, a) = m q (i, it) + 1 if k < i < n — 1. 
It follows that 

n k—1 n—1 

inv q (a) = ^2 m q{h< J ) = m g (i, 7r) + ^ m g (z, 7r) + n — k = 

i=q+l i=q+l i=k 

n-1 

^2 m q (i,ir) + (n-k) = 

i=q 

(by induction) 

= £ q (ir) + n-k = £ q (ir) + £ q (w n -i) = l q {a). 

a 

The following lemma was proved in [12]. 

Lemma 4.3 [12, Lemma 3.7] Let w = Si 1 ■ ■ ■ Si p be the canonical presenta- 
tion of w G S n . Then the canonical presentation of w^ 1 is obtained from 
the presentation w^ 1 = Sj ■ • ■ by commuting moves only - without any 
braid moves. Similarly for v, v~ x G A n +\. 

Proposition 4.4 For every a G 5 n; 

£g(o" _1 ) = l q (o~), hence also inv q (a~ 1 ) = inv q (a). 

Proof. Lemma 4.3 easily implies that i^a^ 1 ) = ^(cr), while this, together 
with Proposition 8.2 imply the equality inv^a^ 1 ) = inv q {o~). □ 

5 Basic Concepts II 

A natural (/-analogue of the del statistics from [12] is introduced in this 
section. This allows us to introduce below a (less intuitive) (/-analogue of 
the descent statistics. 
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5.1 The del Statistics 

Recall the definitions of Del and del (of types S and A) from [12]: Given 
a permutation w in S n , Dels{w) is the set of indices which are left to right 
minima (l.t.r.min) in w, and DcIa{w) is the set of indices which are almost 
left to right minima (a. l.t.r.min) in w. Let Sj = (i,i + 1), i = 1, . . . ,n — 
1, denote the Coxeter generators of S n . The following classical fact is of 
fundamental importance in this paper. 

Let Rj = {1, Sj, SjSj-i, . . . , SjSj-i • • • si} and let w G S n , then there exist 
unique elements Wj G Rj, 1 < j < n — 1, such that u> = u> i • • • u? ra _i; this is 
the (unique) canonical presentation of w, see Theorem 3.1 in [12]. 

Similarly a» = siSj + i, i = 1, ... ,n — 1, are the corresponding genera- 
tors for the alternating group A n+ i, and there is a corresponding unique 
canonical presentation for the elements of A n+ \, see Section 3 in [12]. The 
following was observed in [12]: 

1. The number of times s\ appears in the canonical presentation of w 
(i.e. dels{w)) equals the number of l.t.r.min in w (hence #Dels(w) = 
dels{w)), see [12] Proposition 7.2. 

2. The number of times S2 appears in w - equals the number of a. l.t.r.min 
in w. Moreover, if w G A n+ \, that number equals the number of times 
af 1 appears in the ^-canonical presentation of w, which by definition 
is delA(w), and delA{w) = #DelA(w), see [12] Proposition 7.6. 

In this paper, 'sub S' is replaced by 'sub 1': Dels = Deli and dels = deli, 
etc. Similarly (in A n ) 'sub A' is replaced by 'sub 2'. We shall also encounter 
'sub g' for every positive integer q. 

Definition 5.1 Let it G S n and let 1 < q < n — 1. 

1. Define del q (Tr) to be the number of times s q appears in the canonical 
presentation of it. 

2. For < k < n — 1 define the k-th almost left to right minima in a 
permutation it G S n (denoted a k .l.t.r.min) as the set of indices 

Del k+ i(n) := {i \ k + 2 < i < n, #{j < i \ n(J) < ir(i)} < k}. 

Thus Del q (7r) is the set of a! 1 " 1 .l.t.r.min in it. 
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See Example 5.10 below. 

Note that if i < k+1 then, trivially, #{j < i j 7r(j) < vr(i)} < k, however 
these indices are not counted as a fc . l.t.r.min. Also note that a°.l.t.r.min is 
simply l.t.r.min. 

Proposition 5.2 Let w G S n . Then for every nonnegative integer k, the 
number of occurences of st+i in the canonical presentation ofw, delk+\{w), 
equals the number of a k .l.t.r.min in w. Writing k + 1 = q we have 

#Del Q (w) = del q {w). 

Proof (generalizes the proof of Proposition 7.6 in [12]). 
We first need the following two lemmas. 

Lemma 5.3 Let 1 < k + 1 < n, let w £ S n and let ir £ Sk+i- Also let 
i < n. Then i is a k .l.t.r.min ofw if and only if i is a k .l.t.r.min ofirw. In 
particular, the number of a k .l.t.r.min ofw equals the number of a k .l.t.r.min 
of irw. 

Proof. Denote w = [b±, . . . ,b n ] (namely w(r) = b r ), and compare w with 
7tw: 7r permutes only the 6 r 's in {1, . . . , k + 1}. If bi G {1, . . . , k + 1}, 
the total number of bj's smaller than bi is < k; in particular such i is 
a fc . l.t.r.min in both w and ttw, provided i > k + 2. If on the other hand 
6i^{l,...,A; + l} then bi is greater than all the elements in that subset; 
thus such i is a fc . l.t.r.min of w if and only if i is a fc . l.t.r.min of irw. This 
implies the proof. □ 

Lemma 5.4 Let 1 < k < n — 1 and denote S[fc n _!] = s^Sfc+i • • • s n -\. Let 
a £ S n -i and write a = [b±, . . . , b n -i,n]. Then s^ ^^cr = [c\, . . . , c n _i, k], 
and the two tuples (b±, . . . , 6 ra _i) and (ci, . . . , c n „i) are order-is omorphic, 
namely for all i,j, bi < bj if and only if Ci < Cj. 

Proof. Comparing a with S[£; )n _i]<7, we see that 

1. the (position with) n in a is replaced in s^, n -i] ' by k; 

2. each j in a, k < j < n — 1, is replaced by j + 1 in s^n-i] "; 

3. each j, 1 < j < k — 1 is unchanged. 
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This implies the proof. □ 

The Proof of Proposition 5.2 is by induction on n. If n < k + 1, the 

number of a fc .l.t.r.min of any permutation in S n is zero, and also Sk+i ^ S n , 
hence 5.2 holds in that case. 

Next assume 5.2 holds for n — 1 and prove for n. Let w = w\ ■ ■ ■ w n -i 
be the canonical presentation of w G S n and denote a = w\ - ■ ■ u> n -2, then 
a G SVi-i- If w n -i = 1 then u; G SVi-i and the proof follows by induction. 
So let w n -i ^ 1, then we can write w n ^\ = s n -\s n -2 ■ ■ ■ SdV, where d > k + 1 
and v G {1, Sfc, s^s^-i, • • • , SfcSfc-i ■ ■ ■ si} hence v G Sfc+i- If d > A; + 2 then 
necessarily v = 1 and in that case the number of times Sk+i appears in w 
and in a is the same. If d = k + 1, that number in u> is one more than in 
a. We show that the same holds for the number of a fc .l.t.r.min for these two 
permutations a and w. 

By Lemma 3.4 of [12], it suffices to prove that statement for the inverse 
permutations w^ 1 and a^ 1 . Now, w^ 1 = vrs[ dra _ 1 ]cr _1 , where 7r = v^ 1 G 
Sfc+i, hence by Lemma 5.3 it suffices to compare the number of a fc .l.t.r.min 
in cr -1 with that in s^n-ijer -1 . By Lemma 5.4 cr _1 = [bi, . . . , 6 n _i,n] and 
S[d )n _i]cr _1 = [ci, . . . , c n _i, d] where the 6's and the c's are order isomorphic. 

The case d > k + 2. Here the two last positions - n in a^ 1 and d in 
s [d,n-i] (T ~ 1 ~ are n °t a fc .l.t.r.min, and the above order isomorphism implies 
the proof in that case. 

The case d = k + 1. By a similar argument, now the last position in 
s [d,n-i} a ~ 1 (which is k + 1) is one additional a fc .l.t.r.min. 
The proof now follows. □ 

Proposition 5.5 For every positive integer q and every permutation ir G 

Sn+q-l 

del q (ir) = del q {ir~ l ). 

Proof. This is a straightforward consequence of Lemma 3.7 of [12], which 
says the following: Let tt G S n and let tt = Sj 1 ■ ■ ■ Sj r be its canonical presen- 
tation. Then the canonical presentation of it" 1 is obtained from the equation 
7T _1 = Si r • • • Sjj by commuting moves only, without any braid moves. Thus, 
the number of times a particular sj appears in tt and in tt" 1 - is the same. 
This clearly implies the proof. □ 

Corollary 5.6 For every positive integer q and every permutation tt G 
Sn+q-i the number of a q ~ x .l.t.r.min in tt equals the number of a q ~ l .l.t.r.min 
in 7T _1 . 
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Proof. Combining Proposition 5.2 with Proposition 5.5. □ 

Remark 5.7 Setting q = k + 1 in Lemma 5.3, deduce that for any two 
permutations a and rj in S n+q -\, if a and r/ belong to the same right coset 
of S q , i.e. 7] € S q o, then 

Del q (rj) = Del q (a) and therefore del q (rj) = del q (a). 

The same is also true for the left cosets: Let rj £ aS q then again 

Del q (rj) = Del q {a) (and therefore del q (rj) = del q {a)). 

This easily follows from Definition 5.1, since if a = [b±, . . . , b q , . . . , b n ], r £ 
S q and 7] = o~t , then rj = [6 r(1) , . . . , 6 t(<?) , b q+1 . . . , b n ] . 

Let now a and rj belong to the same left coset or right coset of S q , then 
by the same reasoning, for any q < d, deld(r]) = deld(cr) since S q C Sd- 
Since 

n—l n—1 

Zqiv) = del d(v), and U( a ) = del d{°~), 

d=q d=q 

deduce that in that case £ q (r]) = £ q (o~). 



5.2 The g-Descent Set 

Recall that i is a descent of it if ir(i) > n(i + 1), and let Des(ir) denote 
the ('classical') descent-set of tt. The following definition seems to be the 
appropriate (/-analogue for descents. 

Definition 5.8 i is a q-descent in it £ S n+q -i if i > q and at least one of 
the following two conditions holds: 

(1) i £ Des{7r) 

(2) i + 1 is an a q ~ l .l.t.r.min in 7r, 

Thus Des q (ir) = (Des(Tt) n {q, q + 1, . . . , n - 1}) U (Del q (ir) - 1), hence for 
all q, Del q (ir) -1C Desq(ir) where Del q (ir) - 1 = {i - 1 | i <G Del q (ir)}. 
Note that when q = 1, condition (2) says that i + 1 is l.t.r.min, which implies 
that i is a descent. Thus, a 1-descent is just a descent in the classical sense. 
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Definition 5.9 1. The q-descent set of ir G S n+q -i is defined as 
Des q (i:) := {i \ i is a q-descent in ir}, 

and 

2. the q-descent number is defined as 

des q (n) := #Des q (ir). 

3. For 7r G S n+q -i define 

maj q (Tr) := 1 

i€zDes q (ir) 

and 

rmaj q , m ('K) := ^ (m-i), 

i£Des q (ir) 

where m = n + q — 1 . 

Example 5.10 Let a = [7,8,6,5,2,9,4,1,3]. 

When q = 2, Del 2 (a) = {3,4,5,7,8} and Des 2 (a) = Del 2 (a) - 1 = 
{2,3,4,6,7}. 

When q = 3, Del 3 (a) = {4,5,7,8,9}, hence Des 3 (a) = {3,4,6,7} U 
{3,4,6,7,8} = {3,4,6,7,8}. 

Also, Des 4 (a) = {4,6,7,8}, etc. 

6 Motivating Examples. 

When q = 1, the corresponding statistics are classical. By definition, for 
every ir G S n 

*l(7T) =£ S {*), 

Desi(ir) = Dess{^), 

and 

Deh(ir) = Delsin). 
It follows that for every it £ S n 

desi(n) = dessiw), 
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maji(ir) = maj s {^), ramj 1<n {ir) = rmaj sjvr), 

and 

deli(ir) = dels{ir). 

The delent statistics, dels, was introduced in [12]. 

The corresponding A-statistics were also studied in [12]; these A-statistics 
correspond to the case q = 2 - and restricted to the alternating groups. This 
is the following proposition. 

Proposition 6.1 For every even permutation tt G S n+ i 

(1) Mvr) = 4W, 

(2) Des 2 (7r) = Des A (Tr), 
and 

(3) Del 2 (Tr) = Del A (ir). 

Proof. (1) follows from [12, Proposition 4.5]. 

(2) follows from Lemma 12.1 in Appendix I (Section 12). 
For (3) see [12, Proposition 7.5]. 

□ 

An alternative and more conceptual proof is given below (see Remark 8.9). 

Corollary 6.2 For every even permutation tt £ S n+ i 

des 2 (ir) = des A (ir) 
maj 2 (ir) = maj A (^), ramj 2tn (ir) = rmaj An (Tr), 

and 

del 2 (7r) = del A (ir). 
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7 The Double Cosets of S q C S n+q -\ 

Let >Sg be the subgroup of S n+q -\ generated by {s±, . . . , s q -\}. It is shown 
here that the previous (/-statistics are invariant on the double cosets of S q 
in S n+q -i. 

Proposition 7.1 For any two permutations ir and a in S n + q -\, if it and a 
belong to the same double coset of S q (namely, tt G S q aS q ), then 

1. 

Del q (i:) = Del q (a), hence del q (ir) = del q ; 

2. 

Des q (n) = Des q (a), hence des q (ir) = des q ; 

3. 

inv q (ir) = inv q {a) = £ q (ir) = i q {a). 

Proof. It suffices to prove that if there exists r G S q , such that tt = to or 
7T = <TT, then equalities 1-3 hold. 

1. Part 1 was proved in Remark 5.7. 

2. Denote a = [b±, . . . , & n +<j-i] an d vr = [b[, . . . , Since Des q (i:) = 
{Des{n) (~1 {q, q + 1, . . . , n}) U (Del q (ir) — 1), and the same for Des q (a), it 
suffices to prove the following: Let i > q and i G Des(a), then either 
i £ Des(ir) or i + 1 € Del q (Tr). 

We prove first the case of the right cosets: n = ra. It is given that 
h > b i+1 . 

Case 1. bi,bi + i g" {1,...,<j}. Then bi = b\ and = b' i+l and we are 
done. 

Case 2. 6j {l,...,q} and € Then b{ = b\ > q while 

^i+i ^ {!>•••) q} an d we are done. 

Case 3. G {1, Then at most g — 1 bjS in <r are left and 

smaller than Thus (by 1) i + 1 G Del q (a) = Del q (Tr). 

We prove next the case of the left cosets: n = ar. 
By the argument in Remark 5.7, the claim holds if i > q. Therefore examine 
the case i = q. If q G Des(ir), then we are done. Recall that b q > b q+ i and 
assume q Des(n) (i.e. b T ^ < b q+ \). It follows that 

#{j < Q + 1 I &r(j) < b q+l} < 9, 
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hence q + 1 G Del q (ir), which completes the proof of part 2. 

3. This follows from Remark 5.7 and from Proposition 8.2, since inv q (ir) = 

£ q (ir) and similarly for a. □ 



8 The Covering Map f q 

Motivated by Proposition 8.5 below, we introduce the map f q from S n + q -i 
onto S n , which sends all the elements in the same double coset of S q to 
the same element in S n . The function f q is applied later to "pull-back" the 
equi-distribution results from the (classical) case q = 1 to the general g-case. 

Definition 8.1 Let it G S n +q~i and let tt = ■ ■ ■ Si r be its canonical pre- 
sentation, then define f q : S n+q -\ — > S n as follows: 

fq(n) = fq{Sh)--- fq(Si r ), 

where = • • • = / ? (sq_i) = 1, and f q {sj) = Sj_ q+1 if j > q. 

Remark 8.2 It is easy to verify that for any q\,q2, 

fqi /<J2 = /<?l+<22-l- 

Thus, for every natural q 

fq = /r 1 - 

Proposition 8.3 The map f q is invariant on the double cosets of S q : Let 
a <E S n+q -i and it G S q aS q , then f q (a) = f q {n). 

Proof. It suffices to prove that if a G S n+q -i and r G S q then f q (ar) = 
f q {ra) = f q (cr). By Remark 8.2, it suffices to prove when q = 2 and hence 
when t = s\. As usual, let a = w\ ■ ■ ■ w n G S'n+i be the canonical presenta- 
tion of a. By analyzing the two cases Wi = 1 and w± = si, it easily follows 
that / 2 (sio-) = h{(r). 

We now show that /2(<rsi) = /2(c)- The proof in that case follows from 
the definition of / 2 and by induction on n, by analyzing the following cases: 

w n = l; 

w n = s n s n -i • • • Sfc with k > 3; 
»n = s n s n -i ■ ■ ■ s 2 , and 
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W n = S n S n -i ■ ■ ■ S 2 Si. 

We verify, for example, the case k > 3. Denote tt = w± ■ ■ -w n -i, so a = 
7rw n . Now f 2 {<Ts 1 ) = / 2 (7rsi ■ u> n ) = / 2 {irsi )/ 2 (to n ) = (by induction) = 
f2(ir)f 2 (w n ) = / 2 (cr). 

The proof in the last two cases follows similarly, and from the fact that 

h{ s nS n -l ■ ■ ■ S 2 ) = / 2 (s„S„_i • • • S 2 Si) = S n _i • • • S 2 Si. □ 

Note that / g is not a group homomorphism. For example, let q = 2, 
g = s 2 and /i = sis 2 . Then / 2 (g) = / 2 (/i) = s 1 so f 2 {g)f 2 {h) = 1, but 
g/j = sis 2 si, hence f 2 (gh) = s\. Nevertheless we do have the following 

Proposition 8.4 For any permutation tt, f q (ir~ v ) = (/,j(vr)) _1 . 

Proof. Again by Remark 8.2, it suffices to prove for q = 2. The proof is 
based on Lemma 4.3. 

Denote so := 1, then note that if SiSj = SjSi then also Sj_iSj_i = 
Sj_iSj_i (the converse is false, as s\s 2 ^ s 2 si). 

Let 7r — Si 1 ■ ■ ■ Si r be the canonical presentation of tt. By commuting 
moves, 

7T = Sj r • • • Sjj = • • • = Sp 1 • ■ ■ Sp r 

where the right hand side is the canonical presentation of tt^ 1 . By definition, 

^(tt" 1 ) = s Pl _i • ■ 
Now by the same commuting moves 

s i r — 1 ' ' ' — 1 = • • • = Sp^i • • • Sp r _i 

and the left hand side equals (/ g (7r)) _1 , which completes the proof. □ 
We also have 

Proposition 8.5 Recall from [12] and Subsection 3.2 the map 

f : A n+1 -> S n . Then f is the restriction f = f 2 \A n+1 of f 2 to A n+1 . 

Proof. Let -it € A n+ \, and let 

be its A-canonical presentation, where all ej = ±1. By definition, f(ir) = 

&ii ' ' ' Sir • 
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Replace each a,j in the above presentation by a,j = siSj+i then, by com- 
muting moves 'push' each s\ as much as possible to the left. After some 
cancelations, an si cannot move any more to the left if it is already the 
left-most factor, or if it is preceded by an s 2 on its left. It follows that 

7r = bs h+ i ■ ■ ■ S 2 Sl ■ ■ ■ S 2 Sl ■ ■ ■ s ir+ i ■ ■ ■ 

where b £ {l,si}, and this is an S-canonical presentation. Then ^(vr) = 
Six ' ' ' s i r an d the proof follows. □ 



Restricting the maps f q to A n+q _i - we get more "f-pairs" (see [12], 
Section 5) with corresponding statistics, equi-distributions and generating- 
functions-identities for the alternating groups. 

The main result here is 
Proposition 8.6 For every ir € S n+q -\ 

(1) Del q (Tr)-q + l = Deh(f q (ir)), 
and in particular, del q (w) = deli(f q (ir)) . 

(2) Des q (Tr)-q + l = De Sl (f q (iT)) 
and in particular, des q (ir) = desi(f q (w)) . 

(3) inv q (ir) = invi(f q {n)) = Z q {ir) = ii{f q {ir)). 

Here Del q (w) — r = {i — r\i£ Del q (ir)} and similarly for Des q (Tr) — r. 
The proof is given below. 

Remark 8.7 Recall that Rj = {1, Sj, SjSj-i, . . . , SjSj-i • • • si}. 

Let w = wi ■ ■ ■ w n + q -2 where all Wj £ Rj be the canonical presentation 
of w £ S n+q -\. Then f q (w) = f q (w\)---f q {w n+q -2) is the canonical 
presentation of f q {w). Note that f q {w\) = ■ ■ ■ = f q (w q -\) = 1 

2. In addition, let also w' = w[ ■ ■ ■ w' n+q _ 2 , where also w'j € Rj. It is 
obvious that f q (w) = f q (w') if and only if f q (wj) = f q (w'j) for all j. 
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3. The definition of a k . 1. 1. r. min in a = [bi,...,b n ] - and therefore also the 
definition of the set Del q (a) - applies whenever the integers b\, . . . , b n 
are distinct. 

4- Let &!,...,£>„ and c\, . . . ,c n be two sets of distinct integers, let M be 
an integer satisfying bj, Cj < M for all j, let 1 < k < n and denote 

a = [bi, . . . , b n ], a* = [h ... , b k _ u M, b k , . . . , b n ] 

and 

V = [ci, • • • ,c„], rf = [ci . . . ,c k -i,M,c k , ■ ■ ■ ,c n ]. 

Then it is rather easy to verify that Del q (a) = Del q (rj) if and only if 
Del q (a*) = Del q ( V *). 

Lemma 8.8 Let w,w' € S n+q ~i satisfy f q (w) = f q (w'), then 

1. Del q (w) = Del q (w'). 

2. Des q {w) = Desq(w'). 

Proof. Since fi(w) = w, we assume that q > 2. 

1. By the definition of f q and by Remark 8.7 it suffices to prove the following 
claim: 

Let Wj,w'j £ Rj satisfy f q (wj) = f q (w'j), q<j<n + q — 2, and let 
w = w q - ■ ■ w n+q -2 and w' = w' q ■ ■ ■ w' n+q _ 2 . Then Del q (w) = Del q (w'). 

The proof is by induction on n > 1. If n = 1, w = w' = 1. 
The induction step: 

Denote m = n + q — 1, so w = w q ■ ■ ■ w m -\ and w' = w' q ■ ■ ■ w' m _ 1 , then 
denote a = w q - ■ ■ w m -2 and a' = w' q ■ ■ ■ w' m _ 2 - Since both permutations are 
in S m -i C S m , we have 

a = [61, . . . ,b m -i,m] and a' = [ci, . . . , Cm-i, m]. 

By induction, Del q (a) = Del q (a'). If u> m -i = 1 then also w' m _ 1 = 1 and we 
are done. 

Thus, assume both are 7^ 1. Recall that f q {w m -\) = f q {w' m _]) and 
let w m -\ = s m -i • • • Sfc and w' m _ 1 = s m _i • • • s k >- If k > q, it follows that 
w m -\ = w' m _i and we are done. So let k, k' < q. By comparing both 
cases with the case k = q we may assume that k = q and k' < q, hence 

w 'm-l = W m -iS q -i ■ ■ ■ S k i. 
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Compare first aw m -\ with a'w m -\: 

aw m ^i = [bi, . . . , b q -i,m, b q , . . . , 6 m _i], 
a'w m -i = [ci, . . . ,c q -i,m,c q , . . . ,Cm-i], 

and by induction and Remark 8.7.4, Del q {aw m -i) = Del q (a'w m -\). Com- 
pare now a'w m -\ with ct'iu^j = (er'i<; m _i)s g _i ■ ■ ■ s^: 

a'w m -i = [a, ,c q -i,m,c q , . . . ,Cm-i] and 

^m-l = [ c l> • • ■ ,Ck'-l,m,C k ', ■ • • ,Cg-i, , C m _i]. 

A simple argument now shows that q < i is a 9_1 .l.t.r.min Del q {a'w m -i) = 
Del q (a'w' m _ 1 ) and the proof of part 1 is complete. 

2. The proof is similar to that of Part 1. Denote m = n + q — 1, then 
write w = w\ - ■ ■ w m -i = aw m -\ where a = w\ • • • w m —2, and similarly 
w' = w' 1 ---w' m _ 1 = a'w' n _ 1 . We assume that f q (wj) = f q (w'j) for all j. 
Thus fq(a) = f q (a r ) and by induction, Des q (a) = Des q (a'). By an argu- 
ment similar to that in the proof of part 1, it follows that Des q {aw m -\) = 
Des q (a'w m -i) and it remains to show that Des q (a'w m -i) = Des q (a'w' m _ 1 ). 
Again as in the proof of part 1, we may assume that w m -i = s m -i • • • s q 
and w' m _ 1 = s m -i ■ ■ ■ st where t < q. We prove the case t = q — 1, the other 
cases being proved similarly. 

Write a' = [a±, . . . , a m _i, m]. Now a'w' m _ 1 = cr'w m -\s q -\, hence 

<r'wm-i = [ai, • • • , a 3 -2, a q -i, m,a q ,..., a m _i], 
a ' w ' m ~i = [ai, . . . , a q - 2 , m, a q -i,a q , a m _i]. 

Clearly, q <G Des{a'w m -i) (therefore q <G Des q {<j'w m -i)), but it is possible 
that q Des(a'w' m _ 1 ). However, at most all the q — 1 integers a±, . . . , a g _i 
are smaller than a q (but m > a q ), hence q+1 € Del q (o'w' m _i) : which implies 
that q € Des q (a'w' m _ 1 ). 

For all other indices i / q it is easy to check that i <G Des q (a'w m -i) if 
and only if i G Des q (a'w' m _ 1 ), and the proof is complete. □ 

The Proof of Proposition 8.6. 

1. Let 7r £ SVj+g-i and let 7r' denote the permutation obtained from ir by 
erasing - in the canonical presentation of tt - all the appearances of the 
Coxeter generators Clearly, f q (Tr) = f q (ir'), hence suffices to 

prove that 

(a) Del q (-ir) = Del q {ir'), and 
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(b) Del q (ir')-q+l = Del(f q (ir>)),Le. Del q (ir') = Del(f q (ir')) + q - 1. 

Let 7r = w\ ■ ■ ■ w q -iw q ■ ■ ■ w m -\ (m = n + q — 1) be the canonical pre- 
sentation of ir: Wj G Denote r = iui ■ • • u; g _i and <r = w q ■ ■ ■ w m —i, 
then both are given in their canonical presentations. Clearly, /(r) = 1 and 
ir' = a' = w' q ■ ■ ■ w' m _i, where for each j w'j is obtained from Wj by eras- 
ing all the appearances of s±, . . . , and therefore f q (vjj) = f q (w'j). By 
Lemma 8.8, Del q (a) = Del q {a') = Del q (ir'). Since ir = to and r £ S q , by 
Remark 5.7 Del q (ir) = Del q (a) - and (a) is proved. 

Part (b) follows from the following fact: 
Let 7r' = Sj 1 • ■ ■ s ir be the canonical presentation of the above ir' (therefore 
all ij > q), then / ? (7r') = s^-^+i • ■ ■ Si r _ ?+ i. If / g (7r') = [ai,...,a n ], it 
follows that 7r' = [1, . . . , g — 1, a,\ + (7 — 1, . . . , a n + q — 1]. If 2 < i, it then 
follows that i is a l.t.r.min of f q (ir') if and only if i + g — 1 is a 9_1 .l.t.r.min 
of 7r', which proves (b). □ 

2. Recall that 

Des q (7r) = (Des(ir) n {g, g + 1, . . . , n}) U (Del q (n) - 1). 

Special Case: Assume 7r does not involve any of Si, . . . , s ? _i- As above, 
if /q(7r) = [ai, ...,a n ] then 7r = [1, . . . , q- 1, ai + g - 1, . . . , a n + q - 1], hence 

Des(n) n{q,q + l,...,n + q-l} = Des(f q (ir)) + q - 1. 

By part 1 

# eS(? (7r) = ([Dea(/,(7r))] U [I>el(/,(7r)) - 1]) + q - 1. 

Since for any a € S n Des(a) D Del (a) — 1, it follows that the right hand 
side equals Des{f q (ir)) + q — l, and this completes the proof of this case. 

The general case: Let it G S n + q -i be arbitrary. Let ir' be the permu- 
tation obtained from ir by deleting all the appearances of s\, . . . , from 
its canonical presentation. Then f q (ir) = f q (ir r ) and the proof easily follows 
from the above special case and from Lemma 8.8(2). 

3. By Proposition 8.2, inv q {ir) = £ q (ir). By the definitions of l q and f q , 
£ q (ir) = £(f q (ir)), and finally, i(a) = inv(a) for any permutation a. □ 

Remark 8.9 Proposition 6.1 now follows from Proposition 8.6, combined 
with Proposition 8.5 and 3.7. 
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Lemma 8.10 For every n G S n 

#/- 1 (tt) = q\ ■ q dehM = (q-l)[. g^W+l. 

Moreover, let g q : A n+q _i -> S n be the restriction g q = f q \A n+q - 1 of f q to 
Ai+q-i- Then 

#9q\^ = \#fq\^)- 

Proof. Denote m = n + q — 1, so f q : S rn — > S n . Consider the canonical 
presentation of n G S n and write it as it = tt^ 1 ^ -v n -i, where tt^ 1 ^ G S n -i 
and v n -i G i? n _i = {1, s n _i, s n _is n _ 2 , . . . , s n _is n _ 2 ■ ■ ■ si}. Thus 

#/f V) = #/f V n_1) ) • #/<T 1 K-i) = g! • ^ 1 ^ ( "" 1) )#/- 1 K-i) 

(by induction). If deli(v n -\) = then #/~ 1 (v ra _i) = 1. If de/i(u n _i) = 1 
then #/~ 1 (v n _i) = g, since in that case v n -\ = s n _i • • • s\ and 

/ 9 _1 (t; n _i) = {w m - 1 ,W m - 1 S q - 1 , . . . ,W m -iS q -i ■ ■ -Si}, 

where w m _i = s m _is m _2 ■ • • s q . The proof now follows. 

The argument for g q is similar. The factor 1/2 comes from the fact that 
#f-\l) = #S q while #g- l {\) = #A q . □ 

Following [12], we introduce 

Definition 8.11 Let m\ and m q be two statistics on the symmetric groups. 
We say that (mi,m q ) is an f q -pair if for all n and tt G S n+q -\, m q (ir) = 

As a corollary of Proposition 8.6 and Remark 11.1, we have 
Corollary 8.12 The following are f q -pairs: 

(invi,inv q ), (£i,i q ), (deh,del q ), (desi,des q ), and {rmaj^ n ,rmaj q , n+q -i). 

The same argument as in the proof of Proposition 5.6 in [12], together with 
Lemma 8.10, now proves 

Proposition 8.13 Let (mi,m 9 ) be an f q -pair of statistics on the symmetric 
groups. Then 

TVESn+q — l cr&Sn 
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Restricting f q to A n+q -i we obtain similarly, that 

E,m q (it) ,del q (7r) _ 1 , ,mi(<r) ,deh(a) 

Remark 8.14 As in [12], Proposition 8.13 allows us to lift equi- distribution 
theorems from S n to S n + q -i, as well as to A n+q -\. This is demonstrated in 
Theorem 11.3. We leave the formulation and the proof of the corresponding 
A n+q _i statement - for the reader. 



9 Dashed Patterns 

Dashed patterns in permutations were introduced in [2]. For example, the 
permutation a contains the pattern (1 — 32) if a = [. . . , a, . . . , c, b, . . .] for 
some a < b < c; if no such a, b, c exist then a is said to avoid (1 — 32). In [3] 
the author shows connections between the number of permutations avoiding 
(1 — 32) - and various combinatorial objects, like the Bell and the Stirling 
numbers, as well as the number of left-to-right-minima in permutations. In 
this and in the next sections we obtain the g-analogues for these connections 
and results. 

In Section 5.2 it was observed that, always, Del q (ir) — 1 C Des q (ir). It 
is proved in Proposition 9.3 that equality holds exactly for permutations 
avoiding a certain set of dashed-patterns. 

Definition 9.1 1. Given q, denote by 

Pat{q) = {(ai - 0-2 a q - (q + 2){q + 1)) | a G S q } 

the set with these q\ dashed patterns. 

For example, Pat(2) = {(1 - 2 - 43), (2 - 1 - 43)}. 

2. Denote by Avoid q (m) , m = n + q — 1, the set of permutations in 
S m avoiding all the ql patterns in Pat{q), and let h q (m) denote the 
number of the permutations in S m avoiding Pat(q). Thus h q (m) = 
#Avoid q (m) is the number of the permutations in S n+q -i avoiding 
Pat(q). Note that h q (m) = n\ ifm < q+1. As usual, define h q (0) = 1. 

Connections between h q (n) and the q-Bell and g-Stirling numbers are given 
in section 10. 
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Remark 9.2 A permutation tt G S n+q -\ does satisfy one of the patterns in 
Pat{q) if and only if there exist a subsequence 

\<ii <i 2 < ■■■ < i q +i < n + q - 1, 

such that 7r(i g+ i) > 7r(i g+1 + l) and for every 1 < j < q, n(ij) < tr(i q+ i + l). 
In such a case, i q+ \ + 1 (namely, ir{i q +i + 1)) is not an a q ~ x .l.t.r.min in tt. 

Proposition 9.3 A permutation tt G S n+q -\ avoids Pat(q) exactly when 
Del q (ir) — 1 = Des q (ir): 

Avoid q (n + q — 1) = {tt G S n+q -i\ Del q {i[) — 1 = Des q {ii)}. 

In particular, 

h q (n + q - 1) = #{tt G S n + 9 -i| Del q (ir) - 1 = DeSg(7r)}. 

Proof. 

1. Recall from Section 5.2 that, always, Del q (ir) — 1 C Des q (ir). Let 
7T = . . . , 6 n+ q_i] G S'n+g-i satisfy Del q (i:) — 1 = Des q (i:), which implies 
that Des(Tr)n{q, . . . , n+q— 1} C Del q (ir) — 1, and show that 7r avoids Pat(q). 
If not, by Remark 9.2 we obtain a descent in tt at while i q+ \ + 1 is 
not a 9_1 .l.t.r.min in tt; thus i q+ \ is in Des(i:) (1 {q, . . . ,n + q — 1} but not in 
Del q (ir) — 1, a contradiction. 

2. Denote tt = [b\, . . . , 6 n + ? _i]. Assume now that 7r G Avoid q (n), let 
A; G -Des^nlq 1 , . . . ,n + q— 1} (so > and show that k+l G Del q (ir), 
that is, fc + 1 (namely 6fc+i) is a 9_1 .l.t.r.min in tt. If not, there exist q (or 
more) frj's in tt, smaller than and left of bk+i - hence also left of Together 
with 6^ > this shows that tt Avoid q {n + q — l), a contradiction. □ 

Corollary 9.4 The covering map f q maps Avoid q (S n+q -\) to Avoid\{S n ): 

f q : Avoid q (S n+q -i) -> Avoidi(S n ). 

Similarly, 

f 2 : Avoid q (S n+q -i) -> Atf02dg_i(S n+ g_ 2 ). 
Proof. This follows straightforward from Propositions 8.6 and 9.3. □ 
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10 (/-Bell and g-Stirling Numbers 
10.1 The g-Bell Numbers 

Recall that S(n, k) are the Stirling numbers of the second kind, i.e. the 
numbers of fc-partitions of the set [n] = {1, . . . , n}. Recall also that the Bell 
number b(n) is the total number of the partitions of [n]: b(n) = J2k S( n i 

Definition 10.1 Define the q-Bell numbers b q (n) by 

b q (n)=J2q k S(n,k). 
k 

Remark 10.2 Let q > 1 be an integer and consider partitions of [n] into k 
subsets, where each subset is colored by one of q colors. The number of such 
q-colored k-partitions is obviously q k S(n,k). It follows that the total number 
of such q-colored partitions of [n] is the n-th q-Bell number b q {n). 

Proposition 10.8 below shows that 

#{er £ S n +q-i | Del q {o~) — 1 = Des q (a) and del q {a) = k — 1} = 

= (q-iy.q k S(n,k), 

and therefore 

(q - l)\b q {n) = #{tt € S n+q ^\ Del q {v) - 1 = Des^)}. 

The g-Bell numbers are studied first. 

When q = 1, by considering the subset in a /c-partition of [n] which 
contains n, one easily deduce the well-known recurrence relation 

bi(n)=Y / (^~ i y i (n-k-l). 

In the general q colors case, apply the same argument, now taking into 
account that each subset - and in particular the one containing n - can be 
colored by q colors. This proves: 

Lemma 10.3 For each integer q > 1 we have the following recurrence re- 
lation 

b q (n) = q ^( n ~ 1 ]bq(n-k-l). 
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Remark 10.4 1. Let B q {x) = Y^=ob q (n)^ denote the exponential gen- 
erating function of{b q (n)}. As in page 42 in [16] , Lemma 10.3 implies 
that B'(x) = qe x B q {x). Together with B(0) = 1 (since, by definition, 
b g (0) = 1), this implies that 



The proof follows, essentially unchanged, the argument on page 21 



10.2 Connections with Pattern- Avoiding Permutations 

Recall that Pat{q) = {(oi — o<i — • • • — o q — (q + 2)(q + 1)) | a € S q } and 
that h q {n) denotes the number of the permutations in S n avoiding all these 
q\ patterns in Pat(q). 

Proposition 10.5 The q-Bell numbers b q {n) and the numbers h q {n + q — \) 
of permutations in S n+q -\ that avoid Pat(q), satisfy 



B q (x) = exp(qe x - q). 



2. The classical formula 



1 00 r n 
r=0 



[4] (see also formula (1.6.10) in [16]) generalizes as follows: 




in [16]. 



h q {n + q-\) = (q-iy. ■ b q {n). 



By Proposition 9.3 this implies that 



(q - l)\b q (n) = #{vr G S n+q ^\ Del q (ir) - 1 = Des q (ir)}. 



The proof requires the following recurrence. 



Lemma 10.6 If n > q then 
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Proof. The proof is by a rather standard argument. 

Let K C {q + l,q + 2, . . . ,n} be a subset, with \K\ = k, hence < k < n — q. 
Let k be the word obtained by writing the numbers of K in an increasing 
order. Note that there are ( n Z q ) such i^T's - hence ( n Z q ) such k's. Let 
1 < i < q and let <jW be a permutation of the set {1, . . . , i+1, ■ ■ ■ , 
which avoids Pat(q). By definition, since there are n — 1 — k elements in 
that set, there are h q (n — k — 1) such <jW's. Now construct (the word) 
r/W = a^iK, then 77W G and it avoids Pat(q) since there is no descent 
in the part in of r/^ (see Remark 9.2). For each 1 < i < g, the number of 
r/W's thus constructed is Y^l=l ( n fc 9 )^?( n ~~ k ~ 1)) hence 

n— q / \ 

n — q 



M«)<?E( fe ]M«-*-i)- 



Conversely, assume r] G S n avoids Pat(q). Among 1, . . . , g, let i appear 
the rightmost in rj and write the word 77 as rj = ain, then none of l,...,q 
appears in k. The numbers in k are increasing since otherwise, if there is a 
descent in k, Remark 9.2 would imply that r\ does satisfy one of the dashed 
patterns in Pat(q), a contradiction. Since rj avoids Pat(q), obviously the 
part a of rj also avoids Pat(q). It follows that r] is the above permutation 
rj = rf*\ This proves the reverse inequality - and completes the proof. □ 

The Proof of Proposition 10.5 now follows by induction on n > 0. 
The case n = is clear. Assume n > 1, then by Lemma 10.6 

h q (n + q-l)=qY,\ fc J h q (n — 1 — k + q-l) = 



k=0 

(by induction) 




.(q-l)\.b q (n-k-l) = (q-l)l 



n-1 



£( n k l )b q {n-k-l) 



fc=0 



(by Lemma 10.3) = (q - 1)1 ■ b q (n). 

This proves the first equation of the proposition. Together with Defini- 
tion 9.1 and Proposition 9.3, this implies that h q (n + q — 1) = #{vr G 
S n+q -i\ Del q (i:) — 1 = Des q (7r)}, hence 

{q - l)!6,(n) = #{tt G S n+9 _i| Del q (Tr) - 1 = £>es ? (7r)}. 
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□ 

In the case q = 1, 

bi(n) = b{n) = #Avoidi(n) = #{a G S n \ Deh(a) - 1 = Desi(<j)}, 
which appears in [3]. 
Let 

H q (x) = Y J h q {n + q-l)^- 

OTh. 

be the exponential generating function of the h q (n + q — l)'s. By Re- 
mark 10.4(1) and Proposition 10.5 we have 

Corollary 10.7 

H q (x) = (q- 1)! • expfae* - q). 
10.3 Stirling Numbers of the Second Kind 

The following refinement of the second equation of Proposition 10.5 is proved 
in this subsection. 

Proposition 10.8 

#{<t G S n + q -i | Del q {a) — 1 = Des q (a) and del q (a) = k — 1} = 

= (q- l)lq k S(n,k). 

Deduce that 

E q dehM = --b q (n), 

{neS n \ De«i(7r)-l=De Sl (7r)} Q 

and more generally, 

J2 qdel q (cr) _ 

{veS n+q -i\ Del q (a)-l=Des q (a)} 

Proof. We first prove the case q = 1 namely, that 

#{a G S n | Deh(a) - 1 = De Sl (a) and de/i(cr) = fc - 1} = S(n, k). 

Recall that S(n, k) is the number of partitions of [n] into k non-empty sub- 
sets. Given such a partition D\ U • • • U = [n], assume w.l.o.g. that the 
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numbers in each Di are increasing : Di is {eZ^i < dip < • • •}, and also, the 
minimal elements <ii, 1,^2,1, ■ ■ ■ are decreasing: > ^2,1 > • • • > c4,i- Cor- 
responding to that partition we construct the permutation a = [D±, D2, ■ ■ .], 
namely <r = [di,i,di,2, • • .,^2,1,^2,2, • • • ,4,i><4,2 ■ ■ ■]■ 

Now Deli(a), the l.t.r.min of <j, are exactly at the (A; — 1) positions of 
^2,1, ^3,1, • • • j dk,i, and obviously the descents occur at Del\(a) — 1. This 
establishes an injection of the set of the k partitions of [n] into the above 
set, which implies that 

card{<r G S n \ Del\{a) — 1 = Desi(a) and del\(a) = k — 1} > S(n,k). 

Since the sum on all fc's of both sides equals b(n), this implies the case q = 1. 

The general (7 case follows from Proposition 8.6, and from Lemma 8.10: 
Let 7r G £„. By Proposition 8.6, 

Deh(ir) - 1 = £>esi(7r) if and only if Del^f' 1 ^)) - 1 = Desgif' 1 ^)), 
and also, 

deli(ir) = k — 1 if and only if del q {f~ 1 {Ti)) = k — 1. 

Denote D q (n,k) = {a G S n+q -\ \ Del q (a) — \ = Des q (a) &i del q {a) = k — 1}, 
so that Di(n,k) = {ir G S n \ Del q (ir) - 1 = Desi(n) k deh(n) = k - 1}. It 
follows that 

D q (n,k)= |J /^(vr), 

a disjoint union. By Lemma 8.10, #/ g ~ 1 ( 7r ) = («-!)' "9* for all vr G Di(n,fc), 
and the proof now follows easily from the case <7 = 1. □ 

10.4 Stirling Numbers of the First Kind 

Let c(n, &) be the signless Stirling numbers of the first kind. 

Proposition 10.9 

c(n, k) = #{ir G S n \ (dels^ir)) = deli(w) = k — 1}, 

namely, c(n, fc) equals the number of permutations in S n with k — 1 l.t.r.min. 

For the proof, see Proposition 5.8 in [12]. 

The following is a (/-analogue of Proposition 10.9. 
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Proposition 10.10 

#{7r G S n+q -i\ del q (ir) = k - 1} = c q (n,k), 
where c q (n, k) = q k (q — 1)! c(n, A;). 

Proof. The proof is essentially identical to the proof of Proposition 10.8, 
with the set D q (n,k) being replaced here by the set H q (n,k) = {tt G 
S n +q-i\ del q (ir) = k — 1}. Then H\(n,k) = {tt G S n | deZi(7r) = A; — 1}, 
and by Proposition 5.8 in [12], #H\(n,k) = c(n,k), the signless Stirling 
number of the first kind. The proof now follows. □ 

11 Equidistribution 

11.1 MacMahon Type Theorems for g-Statistics 

Recall the definition of rmaj q ^ n+q -i from Definition 5.9. 

Remark 11.1 Note that for tt G S n+q -\, 

rmaj q , n+q -i{ir) = rmaj ljTl (f q (-K)) = rmajs n {fq{^))- 

This follows since by Proposition 8.6(2), i G Des q (ir) if and only ifi—q+1 G 
£>eai(/g(7r)). 

The following is a (/-analogue of MacMahon's equi-distribution theorem. 
Theorem 11.2 For every positive integers n and q 

■^2 firmaj q ,n+q-i(ir) — ^ ^inv q (n) _ 

= +tq)(l+t + t 2 q) ■ ■ ■ (1 + t + . . . + t n ~ 2 + t^q). 
This theorem is obtained from the next one by substituting t 2 = l. 
Theorem 11.3 For every positive integers n and q 

^ rinaj q: „ +q -i(n) del q (n) _ inv q (ir) del q (n) _ 

7TGSn+g-l 7TG5 n -|-,_l 

= + ht 2 q)(l +h + t 2 t 2 q) ■ ■ ■ (1 + h + . . . + f^ 2 + t^hq). 
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Proof. By Proposition 8.6 and Remark 11.1, (rmajs n ,rmaj q>n+q -i) and 
(inv,inv q ) are / 9 -pairs. The proof now follows from Proposition 8.13 and 
Theorem 3.3. 

□ 

The following is a g-analogue of Foata-Schutzenberger's equi-distribution 
theorem [7, Theorem 1]. 

Theorem 11.4 For every positive integers n and q and every subset B C 
[q,n + q-l] 

{7re5„+,-i| Desqiir-^B} {neS n+q -i\ Desq(7r- 1 )=B} 

This theorem is obtained from the next one by substituting B 2 = [q,n + 

s-i]. 

Theorem 11.5 For every positive integers n and q and every subsets B\ C 
[q,n + q — l] and B 2 C [q, n + q - 1] 

'y ' £inv q (n) _ 

{7reS n+g _i| Des g (7r- 1 )=Bi, Dei^Ti- 1 )^} 

0r6S„ + „_i| Des,(7r- 1 )=Bi, Dei<,(7r- 1 )=B 2 } 

Proof. By Proposition 8.6 and Remark 11.1, it suffices to prove that for 
every subsets B\ C [n — 1] and £?2 C [n — 1] 

fnvi(f q (iv)) _ 

{7reS n+9 _i| Desi(/,(ir- 1 ))=Bi J Del 1 (f q (ir- 1 ))=B 2 } 
— ^2 fmaj 1: „(f q (n)) 

{7reS n+9 _i| Desi(/,(7r- 1 ))=Bi, Deh(/<,(7r- 1 ))=B 2 } 

By Proposition 8.4 /^(vr" 1 ) = / g (7r) -1 . Thus, denoting cr = f q (n), it suffices 
to prove that 

E #i7VW im,l(<T) = 

{o-GSnl Desi(o- 1 )=Bi, Deh(o- 1 )=B 2 } 
{o-eSnl Desi(o- 1 )=Bi, Deh(o- 1 )=B 2 } 
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By Propositions 5.2 and 5.5, for every a G S n with Del±(a 1 ) = B2 , 
deh(a) = #B 2 . Thus, by Lemma 8.10, #/^V) = (q - 1)1 ■ q# B '*+ l for all 
permutations in the sums. Hence, the theorem is reduced to 

(q - l)\ ■ q* B2+1 ■ r iW = 

{crGSnl Des 1 (a- 1 )=B 1 , Del 1 (a- 1 )=B 2 } 

(q — 1)! • q# B2+1 ■ ^2 fmaji,„(a) _ 

{<reS„| Desi(<T- 1 )=Bi, DeZi^- 1 )^} 

Theorem 3.2 completes the proof. 

□ 

Theorem 11.4 implies (/-analogues of two classical identities, due to [14, 

7]- 

Corollary 11.6 For every positive integers n and q 

/-|\ ,inv q {ir) .desq^ 1 ) _ ^ + rmaj qi n+ q -l(ir) .des^-n^ 1 ) 

7rG5„+ 9 -i 7rGS„+ 9 -i 

and 

(2) 2 ^™ t 'g( 7r )^ rma i9,n+<J-l( 7r_1 ) _ ^ rma i'3,™+9-l( 7r )^ rma i'3,™+9-l( 7r_1 ) 

11.2 Equi-distribution on Avoid q (n) 

The main theorem on equi-distribution on permutations avoiding patterns 
is the following. 

Theorem 11.7 For every positive integers n and q and every subset B C 
[q,...,n + q-2] 

fmaj q , n+q -i(ir) = ^ t 

{ir- 1 eAvoid q (n+q-l)\ Des q (n- 1 )=B} {it- 1 eAvoid q (n+q-l)\ Des q (n- 1 )=B} 



Proof. Substituting B\ = B2 — 1 = B in Theorem 11.5 we obtain, for every 
subsets BC [q,n + q — 1] 

'y ' j.inv q (n) _ 

{7T&S n+q -i\ Des,(7r- 1 )=De«,(7r- 1 )-l=B} 
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□ 



j.rmaj q}n+q -i(n) 

{neS n+q -!\ Des q {n-^)=Del q {-K-^)-l=B} 

By Proposition 9.3 

{it e 5 n+3 _i| Des^Tr- 1 ) = De^ 1 ) -1 = 5} 

= {vr -1 G Avoid q (n + q - 1)\ Des^ix' 1 ) = B}. 
This completes the proof. 

Theorem 11.7 implies 
Corollary 11.8 For every positive integers n and q 

E rmaj qi „ +q -i(w) des q (n) _ sr^ ,inv q {ir) ,des q (tr) 

T l T 2 — 2-^i 1 r 2 

w -1 EAvoid q (n+q— 1) -n^ 1 & Avoid q (n+q—l) 

The following is an extension of MacMahon's theorem to permutations 
avoiding patterns. 

Theorem 11.9 For every positive integers n and q 

f.rmaj q , n+9 _i(7r) _ ^ ^inv q (ir) 

n^ L (^Avoid q (n+q—l) n^ L £Avoid q (n+q~l) 

Proof. Substitute t2 = 1 in Corollary 11.8. □ 

12 Appendix. Des2 = .Des^: The Proof 

Lemma 12.1 Let w = [b±, . . . ,b n +i] € A n+ \. Let 1 < i < n — \, then 
i € DesA^w) if and only if one of the following two conditions hold. 

1- bi + i > bi + 2, 
or 

2. b i+ i < b i+2 and bi, b 2 , . . . ,h > b i+2 . 
Ln particular, 1 G Dcsa(w) if and only ifb\ > 63 (and/) or 62 > 63. 
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Proof. The basic tool is the formula 



£a(w) = £s{w) — dels(w). 

Assume first that 2 < i < n — 1, then v = wai = [62, 61, ■ ■ ■ , bi+2, 6«+i, ■ ■ ■]■ 
Now compare £s(w) with £s(v), an d dels(w) with dels(v), then apply the 
above formula, and the proof follows. Here are the details. 

The case 2 < i < n — 1 and bi+\ > bi+2- 
If b\ < 62 then £s(w) = £s(v). Now, del(a) is the number of l.t.r.min in 
a. Interchanging b\ < 62 in w adds one such l.t.r.min, while interchanging 
bi+i > bi + 2 reduces that (dels) number by one, or leaves it unchanged. In 
particular, dels{w) < dels(v). It follows that 

£a(w) = is{w) ~ del s (w) > £ s (v) - del s {v) = £a(v), i.e. ^aO^) < £a{w), 
hence i £ DesA(w). 

Similarly for the other cases. If 61 > 62 (and 6j + i > 64+2), verify that 
£s{w) = £s{v) + 2, while dels{w) < dels(v) + 2, and again this implies that 
i € Dcsa{w). This completes the proof of 2. a. 

The case 2 < i < n — 1 and 6j + i < bi+2- 
First, assume b\ < 62, then £s(v) = £s(w) +2. If 61,62,- > h + 2 

then also dels{v) = dels(w) + 2, hence £a{wcl,i) = ^a(^) = £a{w)-> and 
i G DesAfV)- If bj < bi + 2 for some 1 < j < i then delsiv) = dels{w) + 1 
and it follows that i DesA{w)- 

If 61 > 62 then £g(u) = £s(w). Assuming that 61 , 62 5 - - - 5 &i > 6^+2, 
deduce that also dels{v) = dels(w), hence i £ -Dcsa('w)- If 6j < 6j + 2 for 
some 1 < j < i then dels{v) = dels{w) — 1, so ^(waj) = £a(^) = £a{w) — 1 
and i DesA(w ). 

Finally assume that i = 1, then t> = wai = u>siS2 = [62, 63, 61, 64, 65 . . .]. 
Obviously, £s(w)—£s(v) depends only on the order relations among b±, 62 , 63, 
and similarly for dels(w)—dels(v). We can therefore assume that {61, 62, 63} = 
{1,2,3}, then check the 3!=6 possible cases of w = [61,62,63, . . .]. For ex- 
ample, assume w = [1,3,2,...], then wa\ = [3,2,1,...] = v, so £s(v) = 
£s{w) + 2 while dels{v) = dels(w) + 2, hence 1 <G DesA{w). 
Similarly for the remaining five cases. □ 

References 

[1] R. M. Adin and Y. Roichman, Equidistribution and sign-balance on 
321- avoiding permutations, preprint, 2003, 
<http : //arXiv . org/abs/math . C0/0304429>. 



38 



[2] E. Babson and E. Steingrimsson, Generalized permutation patterns 
and classification of the Mahonian statistics. Seminaire Lotharingien de 
Combinatoire, B44b: 18pp,2000. 

[3] A. Claesson, Generalized pattern avoidance, Europ. J. Combin. 22, 
2001 No. 7, 961-971. 

[4] G. Dobinski, Summierung der Reihe ][]n n /n! fuer '.1,2,3,4,5,..., Arch, 
fuer Math, unci Physik, vol. 61, 1877, p. 333-336. 

[5] S. Elizalde, Fixed points and excedances in restricted permutations. 
preprint, 2002, <http://arXiv.org/abs/math.C0/0212221>. 

[6] S. Elizalde and I. Pak, Bijections for refined restricted permutations. 
preprint, 2002, <http://arXiv.org/abs/math.C0/0212328>. 

[7] D. Foata and M. P. Schutzenberger, Major index and inversion 
number of permutations. Math. Nachr. 83 (1978), 143-159. 

[8] A. M. Garsia and I. Gessel, Permutation statistics and partitions. 
Adv. in Math. 31 (1979), 288-305. 

[9] D. M. Goldschmidt, Group characters, symmetric functions, and 
the Hecke algebra, Amer. Math. Soc. University Lecture Series, Vol. 4 
(1993) 

[10] P. A. MacMahon, Combinatory Analysis I-II. Cambridge Univ. 
Press, London/New-York, 1916. (Reprinted by Chelsea, New- York, 
1960.) 

[11] H. MlTSUHASHI, The q-analogue of the alternating group and its rep- 
resentations. J. Alg. 240 (2001), 535-558. 

[12] A. Regev and Y. Roichman, Permutation statistics on the alternat- 
ing group, preprint, 2003, 

<http : //arXiv . org/abs/math . C0/0302301>. 

[13] A. Reifegerste, The excedances and descents of bi-increasing permu- 
tations, preprint, 2002, <http://arXiv.org/abs/math.C0/0212247>. 

[14] D. P. Roselle, Coefficients associated with the expansion of certain 
products. Proc. Amer. Math. Soc. 45 (1974), 144-150. 



39 



R. P. Stanley, Enumerative Combinatorics (Vol. 1). Cambridg 
Univ. Press, 1998. 

H. S. Wilf, Generatingfunctionology, 2nd edition. Academic Press. 



40 



